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1. Introduction
The principal purpose of this note is to explore conditions under which a retract E of a
space 1 X must be a perfect (respectively closed) retract of X, that is, the image of X under
a perfect (respectively closed) retraction. 2 I am grateful to my friend Ryszard Engelking
for some valuable conversations during the summer of 1997 which provided the original
impetus for this paper.
As far as I know, the first published result on closed retracts was obtained by Engelking
in [4]: If X is metrizable, then every nonempty, closed E ⊂ X for which dimX\E = 0
is a closed retract of X. 3 In the present paper, the focus is in a somewhat different
direction, first explored by K. Nowin´ski in [9]: There are no dimensional restrictions, but
it is assumed that E is a retract of X and that E × {0} is a perfect (respectively closed)
retract of E ×R or of E ×Rω . 4 There are also some supplementary conditions, such as
E-mail address: mathmail@math.washington.edu (E. Michael).
1 All spaces in this paper are regular, all maps are continuous, and “image” means “continuous image”.
2 That implies, of course, that E is both a retract of X and a perfect (respectively closed) image of X, but the
converse is false. See Example 9.1.
3 Here it is not necessary to assume that E is a retract of X, since that follows from the other assumptions.
4 It is easily checked that E × {0} is a perfect (respectively closed) retract of E ×R if and only if it is a perfect
(respectively closed) retract of E ×R+, where R+ = {x ∈R: x  0}.
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compactness, local compactness or paracompactness. It is always tacitly assumed that E is
nonempty.
We begin by examining the case where E is compact. In this case, the perfect retract
question is trivial: Clearly, a compact E ⊂X is a perfect retract of X if and only if E is a
retract of X and X is compact. It remains to consider closed retracts, where we have the
following result.
Theorem 1.1. The following are equivalent for a compact space E.
(a) If E is a retract of a space X which is locally compact at 5 every x ∈E, then E is a
closed retract of X.
(b) E × {0} is a closed retract of E ×R.
(c) E has a disjoint, open cover {E1, . . . ,En} with each Ei contractible.
Our next result is a partial generalization of the implication (c)⇒ (a) in Theorem 1.1 in
which the local compactness requirement in (a) is slightly relaxed.
Theorem 1.2. Let X be metrizable, let E ⊂ X be a compact AR, and suppose that X is
locally compact at every x ∈ E with one possible exception. Then E is a closed retract
of X.
Example 9.7 shows that metrizability cannot be omitted in Theorem 1.2, and Exam-
ple 9.2 shows that “one” cannot be changed to “two”. I do not know whether the AR as-
sumption on E in Theorem 1.2 can be weakened to assuming only that E is a contractible
retract of X (as in 1.1(c)⇒1.1(a)).
We next turn to the case where E is no longer assumed to be compact, but there are
additional restrictions on X. When E is an AR, the essence of the following two results
can be found, at least implicitly, in Nowin´ski [9, Theorem 1].
Proposition 1.3. Let E be a retract of a Lindelöf (respectively paracompact) and locally
compact space X. Then there exists a perfect (respectively closed) map g :X→ E × R
such that g(x)= (x,0) for every x ∈E.
Remark. The hypotheses on X in Proposition 1.3 cannot be significantly weakened. For
perfect maps g :X→ E × R, this is clear, for if E is Lindelöf or paracompact or locally
compact, then so is E × R, and hence so is X. For closed maps g, see Examples 9.10
and 9.11.
Proposition 1.3 yields the implication (b)⇒ (a) in the following theorem.
Theorem 1.4. The following are equivalent for a Lindelöf (respectively paracompact) and
locally compact space E.
5 A space X is locally compact at x ∈X if x has a neighborhood U in X with U compact.
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(a) If E is a retract of a Lindelöf (respectively paracompact) and locally compact space
X, then E is a perfect (respectively closed) retract of X.
(b) E × {0} is a perfect (respectively closed) retract of E ×R.
Remark. Note that, whereas conditions 1.4(a) and 1.4(b) are counterparts of conditions
1.1(a) and l.l(b), Theorem 1.4 contains no counterpart to 1.1(c). Indeed, under the
assumptions on E in Theorem 1.4, condition 1.4(b) seems to be unrelated to condition
l.l(c): On the one hand, if E = Rm, then E certainly satisfies l.l(c), but it does not
satisfy 1.4(b)—even for closed retracts—by Example 7.5. On the other hand, the space
E = R+ × S1 (where R+ = {x ∈ R: x  0} and S1 is a circle) satisfies 1.4(b)—even for
perfect retracts—by Example 7.1 and Lemma 6.1, but this E does not satisfy 1.1(c).
Remark. The assumptions on X in 1.4(a) cannot, in general, be significantly weakened, as
they can in 1.1(a) where E is compact; see Examples 9.3 and 9.5. Moreover, even when E
is compact, the assumptions onX in Proposition 1.3 also cannot be significantly weakened;
see Examples 9.10 and 9.11.
Our next two results are analogous to Proposition 1.3 and Theorem 1.4, with local
compactness of X weakened to ˇCech-completeness and with R replaced by Rω.
Proposition 1.5. LetE be a retract of a Lindelöf and ˇCech-complete spaceX. 6 Then there
exists a perfect map g :X→ E ×Rω such that g(x) = (x,0) for every x ∈ E. (If X is a
Polish space, then one can even choose g to be one-to-one.)
Theorem 1.6. The following are equivalent for a Lindelöf and ˇCech-complete space E.
(a) If E is a retract of a Lindelöf and ˇCech-complete space X, then E is a perfect
(respectively closed) retract of X.
(b) E × {0} is a perfect (respectively closed) retract of E ×Rω .
In view of the characterizations given in Lemmas 5.1 and 5.2 below, Proposition 1.3 (for
perfect maps) and Proposition 1.5 are both special cases of the following general theorem.
Theorem 1.7. Let Y be an abelian topological group. Suppose that E is a retract of a
space X, and that there exists a perfect map h :X→ Y . Then there exists a perfect map
g :X→E × Y such that g(x,0)= x for every x ∈E.
Remark. While Theorem 1.7 provides more than enough generality for our purposes, this
result is actually valid, with almost the same proof, if Y is any topological group and if 0
is replaced by any y0 ∈ Y . 7
6 By a result of Z. Frolík [6] (see also [5, 5.5.9(a)]), a space X is Lindelöf and ˇCech-complete if and only if there
exists a perfect map from X onto a Polish space.
7 More generally yet, it suffices if Y is a space with rectifiable diagonal in the sense of V.V. Uspenskij [10].
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We conclude this introduction with a few simple examples to illustrate conditions 1.1(b),
1.4(b), and 1.6(b).
1.8. Let E = [0,1]. Then E×{0} is a closed retract of E×R (by Theorem 1.1, (c)⇒ (b)),
but it is not a perfect retract—or even a perfect image—of E ×R (because E × R is not
compact). Moreover,E×{0} is not even a closed retract of E×Rω (because E×R is not
compact).
1.9. Let E = R+. Then E × {0} is a perfect retract of E ×R (by Example 7.1).
1.10. LetE =Rm (m 1). ThenE×{0} is not a closed retract ofE×R (by Example 7.5).
For m= 1, E is not even a closed image of E ×R; for m 2, by contrast, E is a perfect
image of E ×R. (See the remark following Corollary 7.9.)
1.11. Let E = Sm (m-sphere). Then E is a closed image of E × R (via closed maps
E×R→R→[0,1]→E). However,E is not a closed retract of E×R (by Theorem 1.1,
(b)⇒ (c)), and E is not a perfect image of E ×R (because E ×R is not compact).
It follows from Proposition 6.6 that none of the spaces E in Examples 1.8–1.11 are
closed retracts—or even closed images—of E × Rω . Matters are different in our last
example:
1.12. Let E =Rω . Then E × {0} is a perfect retract of E ×Rω (by Example 8.1).
This paper is organized as follows. Theorem 1.1 is proved in Section 2 and Theorem 1.2
in Section 3. Section 4 establishes Theorem 1.7, and that result is then applied in Section 5
to prove Propositions 1.3 and 1.5 and thus also Theorems 1.4 and 1.6. Section 6 obtains
some general lemmas on perfect maps and closed maps, and Sections 7 and 8 examine
conditions 1.4(b) and 1.6(b) in more detail. Section 9 is devoted to examples, and
Section 10 summarizes some results on J -spaces (see [8]) which are relevant to this paper.
2. Proof of Theorem 1.1
(a)⇒ (b). Clear.
(b)⇒ (c). Assume (b), so there exists a closed map f :E×R→E with f (x,0)= x for
all x ∈E.
First, let us show that f (E × {t∗}) is finite for some t∗ > 0. Suppose not. Then there is
a sequence (xn) in E such that f (xm,m) = f (xn,n) when m = n. Define A⊂ E ×R by
A= {(xn, n): n 1}. Then every subset of A is closed in E ×R, so every subset of f (A)
is closed in E because f is a closed map. But that is impossible, because f (A) is infinite
and E is compact.
Now pick t∗ > 0 as in the previous paragraph, so f (E × {t∗}) is a finite set
{x1, . . . , xn} ⊂ E. Let Ei = {x ∈ E: f (x, t∗) = xi} for i = 1, . . . , n, so {E1, . . . ,En} is
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a disjoint open cover of E. Also each Ei is contractible, because f |(Ei × [0, t∗]) is a
homotopy such that, if x ∈ Ei , then f (x,0)= x , f (x, t∗) = xi , and f ({x} × [0, t∗]) is a
subset of Ei because it is connected and contains f (x,0)= x ∈Ei .
(c)⇒ (a). Assume (c). It clearly suffices to prove (a) under the assumption that E itself
is contractible.
So let X and E ⊂ X be as in (a), with E contractible, and let us show that E a closed
retract of X. Since E is compact and X is locally compact at every x ∈E, there is an open
U ⊃E in X with U compact. Let g :X→E be a retraction, and let h :E× [0,1]→E be
a contraction with h(x,0)= x and h(x,1)= x∗ for all x ∈ E. Pick a map k :U → [0,1]
with k(E) = {0} and k(U\U) = {1}. Finally, define a closed retraction f :X → E by
f (x)= h(g(x), k(x)) if x ∈ U and f (x)= x∗ if x ∈X\U .
3. Proof of Theorem 1.2 and related results
Proof of Theorem 1.2. Let X be metrizable, let E ⊂ X be a compact AR, and choose
x0 ∈ E such that X is locally compact at every x ∈ E\{x0}. Our proof that E is a closed
retract of X will proceed in two steps.
First, let us show that E\{x0} ⊂ U for some open U in X with U compact. Let d be a
compatible metric on X with diamX  1, and let
En =
{
x ∈E: 1
n+ 1  d(x, x0)
1
n
}
(n= 1,2, . . .).
Then
⋃
n En =E\{x0}, and each En is closed in E and thus compact. For each n, let Vn be
a finite cover of En by open subsets V of B(x0, 2n) for which V is compact. Let Vn =
⋃Vn,
and let K = {x0} ∪ (⋃n V n). Then each V n is compact, and hence so is K because every
neighborhood of x0 in X contains V n for all but finitely many n. Let U =⋃n Vn. Then
U ⊃E\{x0} is open in X, and U is compact because U ⊂K .
We will now show that E is a closed retract of X. Let U be as in the previous paragraph,
let Y = E ∪ (U\U), and define g :Y → E by g(x) = x0 if x ∈ U\U and g(x) = x if
x ∈E. Since (U\U) ∩E = {x0}, this g is well defined and continuous. Since E is an AR,
the map g extends to a map h :U →E, and h is a closed map because U is compact. Now
define f :X→E by f (x)= x0 if x ∈X\U and f (x)= h(x) if x ∈ U . This f is a closed
retraction. ✷
Corollary 3.2 below shows that, when X is a J -space (see Section 10), Theorem 1.2
becomes part of an equivalence. First, we need the following lemma, which will also be
applied in the proof of Proposition 6.6.
Lemma 3.1. Let f :X→ Y be a closed map from a paracompact J -spaceX onto a locally
compact space Y . Then there exists a y0 ∈ Y such that f−(Y\{y0}) is locally compact.
Proof. By (10.5), there is a y0 ∈ Y such that f−1(y) is compact for every y = y0 in Y . Let
Y ′ = Y\{y0} and let X′ = f−1(Y ′). Then f |X′ :X′ → Y ′ is perfect, and hence, since Y ′ is
locally compact, so is X′. ✷
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Corollary 3.2. Let X be a metrizable J -space, and let E ⊂X be a compact AR. Then the
following are equivalent.
(a) E is a closed retract of X.
(b) There is at most one x0 ∈E where X is not locally compact.
Proof. (a)⇒ (b). By Lemma 3.1, with Y =E.
(b)⇒ (a). By Theorem 1.2. ✷
Remark. Example 9.6 shows that the implication (a)⇒ (b) in Corollary 3.2 may be false
when X is not a J -space.
4. Proof of Theorem 1.7 and a related result
Proof of Theorem 1.7. Let r :X→E be a retraction. We define the desired map g :X→
E × Y by
g(x)= (r(x),h(x)− h(r(x))). (1)
That g(x)= (x,0) for x ∈ E is clear. To show that g is perfect, define f :E × Y → Y by
f (e, y)= y + h(e), and note that
f
(
g(x)
)= (h(x)− h(r(x)))+ h(r(x))= h(x)
for all x ∈X. Thus, since h is perfect, so is f ◦ g, and hence so is g by [5, 3.7.5]. 8 ✷
We conclude this section with the following result.
Proposition 4.1. If the map h :X→ Y in Theorem 1.7 can be chosen one-to-one, then so
can the map g :X→E × Y .
Proof. It suffices to define g in terms of h as in equation (1) of the above proof of
Theorem 1.7. Indeed, if now g(x1)= g(x2) with x1, x2 ∈X, then r(x1)= r(x2) and
h(x1)− h
(
r(x1)
)= h(x2)− h(r(x2)),
hence h(x)= h(x2), and therefore x1 = x2. ✷
5. Proofs of Propositions 1.3 and 1.5 and Theorems 1.4 and 1.6
The following lemma will be used, together with Theorem 1.7, to prove Proposition 1.3.
Lemma 5.1. The following are equivalent for a space X.
(a) X is Lindelöf and locally compact.
(b) There exists a perfect map h :X→R.
8 I am grateful to Vladimir Uspenskij for a suggestion that helped to simplify an earlier version of the foregoing
proof that g is perfect.
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Proof. (a)⇒ (b). Since [0,1) is homeomorphic to the closed subset R+ of R, it suffices to
find a perfect map h :X→[0,1). If X is compact, this is trivial. If not, let X∗ =X ∪ {x∗}
be its one-point compactification. Then {x∗} is a Gδ in X∗ (since X is σ -compact by (a)),
so there exists a map g :X∗ → [0,1] such that g−1(1)= {x∗}. Now let h= g|X.
(b)⇒ (a). Clear, since local compactness and the Lindelöf property are both preserved
by perfect inverse images. ✷
Proof of Proposition 1.3. Let X be locally compact, and let r :X→E be a retraction. We
must consider two cases.
Case 1. Assume that X is Lindelöf. In this case, we must find a perfect map g :X→
E × R such that g(x) = (x,0) for every x ∈ E. Such a g exists by Lemma 5.1 and
Theorem 1.7.
Case 2. Now assume thatX is only paracompact. In this case, we need only find a closed
map g :X→E ×R such that g(x)= (x,0) for every x ∈E.
SinceX is locally compact and paracompact, it has a disjoint, open cover (Uα) with each
Uα Lindelöf (see [5, 5.1.27]). Let Eα =Uα ∩E, and let Wα =Uα ∩ r−1(Eα). Then Wα is
open and closed in Uα , so Wα is locally compact and Lindelöf. Also r(Wα)= Eα ⊂Wα .
Now if Wα = ∅, then Eα is a retract of Wα , and hence, by Case 1, there exists a perfect
map gα :Wα →Eα ×R such that gα(x)= (x,0) for all x ∈E.
Since (Uα\Wα) ∩ E = ∅ for all α, we can now define the required g :X→ E × R by
letting g(x)= gα(x) for x ∈Wα , and letting g be a constant map on ⋃α(Uα\Wα). ✷
Proof of Theorem 1.4. (a)⇒ (b). Since E is Lindelöf (respectively paracompact) and
locally compact, so is E ×R. Hence (b) follows from (a) with X replaced by E ×R and
E by E × {0}.
(b)⇒ (a). Suppose E is a retract of a Lindelöf (respectively paracompact) and locally
compact space X. Then, by Proposition 1.3, there exists a perfect (respectively closed)
map g :X→ E × R such that g(x) = (x,0) for all x ∈ E. By (b), there exists a perfect
(respectively closed) map f :E × R→ E such that f (x,0) = x for all x ∈ E. Hence
f ◦ g :X→E is a perfect (respectively closed) retraction from X onto E. ✷
Before proving Proposition 1.5, we pause for the following analogue of Lemma 5.1
which follows from the result of Frolík [6] quoted in Footnote 6.
Lemma 5.2. The following are equivalent for a space X.
(a) X is Lindelöf and ˇCech-complete.
(b) There exists a perfect map h :X→Rω.
Proof of Proposition 1.5. Let E be a retract of a Lindelöf and ˇCech-complete space X.
By Lemma 5.2, there exists a perfect map h :X→Rω, so it follows from Theorem 1.7 that
there exists a perfect map g :X→ E ×Rω with g(x)= (x,0) for all re x ∈ E. (If X is a
Polish space, one can take the above h to be one-to-one, and hence g can also be chosen
one-to-one by Proposition 4.1.) ✷
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Proof of Theorem 1.6. This is proved just like the non-parenthetical version of
Theorem 1.4, but with R replaced by Rω , “locally compact” by “ ˇCech-complete”, and
Proposition 1.3 by Proposition 1.5. ✷
6. Some general lemmas on perfect maps, closed maps, and products
Lemma 6.1. Suppose that z∗ ∈ Z and that E × {z∗} is a perfect retract of E × Z. Then
(E × Y )× {z∗} is a perfect retract of (E × Y )×Z for any space Y .
Proof. Let f :E×Z→E × {z∗} be a perfect retraction. Then
f × idY : (E ×Z)× Y →
(
E × {z∗})× Y
is a product of perfect maps and hence is also a perfect map [5, Theorem 3.7.9]. But we
can also write
f × idY : (E × Y )×Z→ (E × Y )× {z∗},
and that displays f × idY as a perfect retraction. ✷
Remark. Lemma 6.1 is false for closed retracts, even when E is a one-point set and Y is
compact. (Indeed, {0} is a closed retract of R, but S1 × {0} (where S1 is a circle) is not a
closed retract of S1 ×R by Theorem 1.1, (b)⇒ (c).)
Lemma 6.2. Let E =ΠαEα , let Z =ΠαZα , and let z∗ = (z∗α) ∈ Z. Then, if Eα × {z∗α} is
a perfect retract of Eα ×Zα for all α, then E × {z∗} is a perfect retract of E ×Z.
Proof. For each α, let fα :Eα×Zα →Eα×{z∗α} be a perfect retraction, and let f =Παfα .
Then f :E ×Z→E × {z∗} is also a retraction, and it is perfect by [5, 3.7.9]. ✷
Lemma 6.3. Suppose that z∗ ∈ Z, that F × {z∗} is a perfect (respectively closed) retract
of F × Z, and that E is a perfect (respectively closed) retract of F . Then E × {z∗} is a
perfect (respectively closed) retract of E ×Z.
Proof. Let h :E × Z → F × Z be the injection map. By assumption, we have perfect
(respectively closed) retractions f :F ×Z→ F ×{z∗} and g :F ×{z∗}→E×{z∗}. Hence
the map
g ◦ f ◦ h :E×Z→E × {z∗}
is a perfect (respectively closed) retraction. ✷
Our next result is stated with greater generality than necessary.
Lemma 6.4. Let E and Z be connected, non-compact, and perfect pre-images of
metrizable spaces. 9 Then every closed map f :E ×Z→E is perfect.
9 This last condition is satisfied, in particular, by the Lindelöf, locally compact spaces of Theorem 1.4, and, more
generally, by the Lindelöf, ˇCech-complete spaces of Theorem 1.6 (see Footnote 6).
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Proof. The following proof involves J -space and q-spaces, which are discussed in
Section 10.
Since E and Z are perfect pre-images of metrizable spaces, so is E × Z, and hence
E × Z is paracompact. Since E and Z are connected and non-compact, E × Z is a J -
space by (10.2). Finally, since metrizable spaces are q-spaces, Lemma 10.6 implies that E
is also a q-space. Since E is non-compact, it now follows from (10.4) that every closed
map f :E ×Z→E is perfect. ✷
Remark. When E is discrete, the unique retraction f :E × R → E × {0}, defined
by f (x, t) = (x,0), is closed but not perfect. Thus neither connectedness nor non-
compactness of E can be omitted from Lemma 6.4. (Consider the cases where E is infinite
and where cardE = 1.)
Lemma 6.5. Suppose that f :S ×Z→E is a map onto E, that E has a countable, non-
closed subset, and thatZ is connected and not countably compact. Then (a) ⇒ (b) ⇒ (c):
(a) E is totally disconnected.
(b) cardf ({s} ×Z)= 1 for all s ∈ S.
(c) f is not a closed map.
Proof. (a) ⇒ (b). Because Z is connected.
(b) ⇒ (c). By our assumptions, E has a countable, non-closed subset B = {yn: n < ω},
and Z has a discrete subset {zn: n < ω} with zm = zn for m = n. For each n, pick
(sn, z
′
n) ∈ f−1(yn); then also (sn, zn) ∈ f−1(yn) by (b). Let A= {(sn, zn): n < ω}. Then
A is closed in S × Z, but f (A) = B so that f (A) is not closed in E. Hence f is not a
closed map. ✷
Proposition 6.6. If E is locally compact and non-discrete, then E is not a closed image of
S ×Rω for any space S.
Proof. Suppose that f :S×Rω is a map onto E. To show that f is not closed, we consider
two cases:
Case 1. cardf ({s} ×Rω)= 1 for all s ∈ S: In this case, f is not closed by Lemma 6.5,
(b) ⇒ (c).
Case 2. cardf ({s0} × Rω) > 1 for some s0 ∈ S: In this case, let X = {s0} × Rω and
Y = f (X). Note that X is a J -space by (10.1), and that cardY > 1. Now if f is a closed
map, then so is f |X :X → Y , and Y is closed in E and thus locally compact. Hence
Lemma 3.1 implies that X has a non-empty, open, locally compact subset, and that is false.
Thus f is not closed. ✷
Remark. Proposition 6.6 remains valid if Rω is replaced by any paracompact J -space
which is nowhere locally compact.
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7. Results related to condition 1.4(b)
We begin with the following basic observation of Nowin´ski [9, Example 2].
Example 7.1 [9]. If E =R+, then E × {0} is a perfect retract of E ×R.
Proof. Define a perfect retraction f :R+ ×R→R+ × {0} by f (x, y)= (x + |y|,0). ✷
Example 7.1 will be generalized in Example 7.4.
Let us now call a space Z strictly contractible to z∗ ∈ Z if there exists a homotopy
h :Z× [0,1]→ Z such that h(z,0)= z for all z ∈ Z and h(z, t)= z∗ if and only if either
z = z∗ or t = 1. (Such an h is called a strict contraction from Z to z∗.) For example, it
is clear that a convex subset Z of a topological linear space is strictly contractible to any
z∗ ∈Z.
Proposition 7.2. Let E be locally compact and non-compact, with one-point compactifi-
cation E∗ = E ∪ {x∗}. Then (a)⇔ (b) and (c)⇒ (d). If, moreover, E is a separable metric
ANR, then also (a)⇒ (c).
(a) E × {0} is a perfect retract of E ×R.
(b) E∗ is strictly contractible to x∗.
(c) E∗ is an AR.
(d) E is an ANR.
Remark. The space E = {1, 12 , 13 , . . . ,0}×R shows that (b)⇒ (c) in Proposition 7.2 may
be false if E is not assumed to be an ANR. A very interesting example of Dydak, Segal
and Spiez in [3] (see Example 9.12) shows that (c)⇒ (b) may be false even when E is an
AR.
Before proving Proposition 7.2, we establish the following general lemma.
Lemma 7.3. Let E be locally compact and non-compact, with one-point compactification
E∗ = E ∪ {x∗}, and let W be an open subset of a space Y . Then every perfect map
f :W →E extends to a map h :Y →E∗ with h−1(x∗)= Y\W .
Proof. Define h :Y → E∗ by h(y) = f (y) if y ∈W and h(y)= x∗ if y ∈ Y\W . Clearly
h−1(x∗)= Y\W . To see that h is continuous, let V be open in X∗. If x∗ /∈ V , then V ⊂E,
so h−1(V ) = f−1(V ) which is open in W and thus in Y . If x∗ ∈ V , then E∗\V ⊂ E,
so h−1(V ) = Y\f−1(E∗\V ) which is open in Y because E∗\V is compact and f is
perfect. ✷
Proof of Proposition 7.2. Note that, in (a), we can invoke footnote 4 to replace E×R by
E ×R+ and thus also by E × [0,1).
(a)⇒ (b). By (a), there exists a perfect map f :E × [0,1)→E with f (x,0)= x for all
x ∈E. Now Lemma 7.3, with Y = E∗ × [0,1] and W =E× [0,1), implies that f extends
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to a map h :E∗ × [0,1]→ E∗ such that h(x, t)= x∗ if and only if x = x∗ or t = 1. Also
h(x,0)= x for all x ∈E and thus for all x ∈E∗. Hence this h is a strict contraction from
E∗ to x∗.
(b)⇒ (a). By (b), there exists a strict contraction h :E∗ × [0,1] → E∗ from E∗ to x∗.
Define f :E × [0,1)→E× {0} by f (x, t)= (h(x, t),0). Then f is a retraction, and f is
perfect because h is perfect and h−1(E)=E × [0,1).
(c)⇒ (d). Clear, since E is open in E∗.
(a)⇒ (c) if E is a separable metric ANR: Clearly E is σ -compact, so E∗ is also
separable metric. Embed E∗ in Y = [0,1]ω. Then E is closed in Y\{x∗}, so, since E is
an ANR, it is a retract of a set W ⊃ E which is open in Y\{x∗} and thus in Y . Now W is
locally compact and Lindelöf, so it follows from (a) and Theorem 1.4 that there exists a
perfect retraction f :W → E. By Lemma 7.3, this f extends to a retraction h :Y → E∗.
Since Y is an AR, so is E∗. ✷
The following two examples follow from Proposition 7.2. Note that Example 7.4
generalizes Example 7.1.
Example 7.4. Let X be a compact, convex subset, with at least two elements, of a
topological linear space, and let E =X\{x∗} for some x∗ ∈X. Then E × {0} is a perfect
retract of E ×R.
Proof. Note that X =E ∪ {x∗} is a one-point compactification of E, and that X is strictly
contractible to x∗ because X is convex. Hence E × {0} is a perfect retract of E × R by
Proposition 7.2, (b)⇒ (a). ✷
Remark. Although Example 7.4 offers a rather limited class of spacesE for whichE×{0}
is a perfect retract of E×R, this class can be significantly enlarged by applying Lemma 6.1
with Z =R and z∗ = 0.
Example 7.5. If E =Rn (n 1), then E × {0} is not a closed retract of E ×R.
Proof. Since E∗ (the one-point compactification of E) is an n-sphere and hence not an
AR, it follows from Proposition 7.2, (a)⇒ (c), that E × {0} is not a perfect retract of
E ×R. Hence Lemma 6.4 implies that E × {0} is not even a closed retract of E ×R. ✷
The following two lemmas will be applied in the proof of Proposition 7.8.
Lemma 7.6. The following are equivalent for a non-compact E ⊂Rn.
(a) E is a perfect retract of Rn.
(b) E is a closed retract of Rn.
Proof. (a)⇒ (b). Clear.
(b)⇒ (a). We distinguish two cases.
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Case 1. Suppose n > 1: In this case, Rn is a J -space by (10.1), so every closed map
f :Rn→E is perfect by (10.4).
Case 2. Suppose n = 1: If E = R, all is clear. If E = R, then E (being non-compact)
must be a closed ray in R, and we may suppose that E = R+; we now define a perfect
retraction f :R→E by f (x)= |x|. ✷
We saw in Example 7.5 that Rn × {0} is not a closed retract of Rn ×R. Nevertheless,
we have the following result.
Lemma 7.7. Suppose E = Rn is closed in Rn. Then there is a closed F ⊂ Rn such that
F ⊂E and F × {0} is a perfect retract of F ×R.
Proof. Pick x ∈Rn\E, let U be an open ball about x disjoint from E, and let F =Rn\U .
Clearly F ⊃ E. Also F is homeomorphic to R+ × Y with Y the n-sphere. Now R+ × {0}
is a perfect retract of R+ ×R by Example 7.1, so F × {0} is a perfect retract of F ×R by
Lemma 6.1 (with E =R+, Z =R and z∗ = 0). ✷
Our next result should be compared to Theorem 1.4, which is used in its proof.
Proposition 7.8. If E is a retract of Rn, then the following are equivalent.
(a) E × {0} is a perfect (respectively closed) retract of E ×R.
(b) E =Rn and E is a perfect (respectively closed) retract of Rn.
Proof. (a)⇒ (b). Assume (a). Then E = Rn by Example 7.5, and E is a perfect
(respectively closed) retract of Rn by Theorem 1.4, (b)⇒ (a).
(b)⇒ (a) for perfect retracts: Assume (b). By Lemma 7.7, there is a closed F ⊂Rn such
that F ⊃E and F × {0} is a perfect retract of F ×R. Since E is a perfect retract of Rn, it
is also a perfect retract of F . Hence E × {0} is a perfect retract of E × R by Lemma 6.3
(with Z =R and z∗ = 0).
(b)⇒ (a) for closed retracts: If E is non-compact, this follows from the previous
paragraph and Lemma 7.6. If E is compact, then (a) (and thus (b)⇒ (a)) follows from
Theorem 1.1, (c)⇒ (b), because E is a retract of Rn and thus contractible. ✷
Corollary 7.9. If E ⊂Rn is homeomorphic to Rm for some m< n, then E is not a closed
retract of Rn.
Proof. By Example 7.5 and Proposition 7.8. ✷
Remark. When m = 1, Corollary 7.9 can be sharpened to assert that R is not a closed
image of Rn for any n 2 (see [8, Corollary 5.3(a)]). By contrast, when m 2 then Rm is
a perfect image of Rn for all n 1 (see [8, Corollary 5.3(c)]).
We conclude this section with a final equivalence.
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Proposition 7.10. The following are equivalent for a Lindelöf and locally compact
space E.
(a) E × {0} is a perfect retract of E ×R.
(b) E × Z0 is a perfect retract of E × Z whenever Z0 is a retract of a Lindelöf and
locally compact space Z.
Proof. (b)⇒ (a). Clear.
(a)⇒ (b). Assume (a), and let Z0 be a retract of a Lindelöf and locally compact space
Z. Then (E × Z0)× {0} is a perfect retract of (E ×Z0)×R by Lemma 6.1. Also E and
Z are σ -compact and locally compact, and hence so is E ×Z. Thus Theorem 1.4 (with E
replaced by E×Z0 and X by E×Z) implies that E×Z0 is a perfect retract of E×Z. ✷
8. Results related to condition 1.6(b)
The following example is analogous to Example 7.1.
Example 8.1. If E =Rω , then E × {0} is a perfect retract of E ×Rω .
Proof. Since R+ × {0} is a perfect retract of R+ × R by Example 7.1, it follows from
Lemma 6.2 (with Eα = R+, Zα = R, and z∗α = 0 for all α) that (R+)ω × {0} is a perfect
retract of (R+)ω× (R)ω . Since (R+)ω is homeomorphic to Rω by [1, Example 8.1, p. 202],
our assertion follows. ✷
Remark. In contrast to Example 8.1, a non-discrete and locally compact space E is not
even a closed image of E ×Rω; see Proposition 6.6.
The following result generalizes both Examples 7.5 and 8.1.
Proposition 8.2. The following are equivalent for any cardinal γ .
(a) Rγ × {0} is a perfect retract of Rγ ×Rγ .
(b) Rγ × {0} is a closed retract of Rγ ×R.
(c) γ  ω.
Proof. (a)⇒ (b). Clear.
(b)⇒ (c). By Example 7.5.
(c)⇒ (a). By Example 8.1, Rω × {0} is a perfect retract of Rω ×Rω. Hence Rωγ × {0}
is a perfect retract of Rωγ ×Rωγ by Lemma 6.2 (with Eα = Zα = Rω and z∗α = 0 for all
α). But (c) implies that ωγ = γ , so Rγ × {0} is a perfect retract of Rγ ×Rγ . ✷
The following result should be compared to Theorem 1.6 and Proposition 7.8.
Proposition 8.3. The following are equivalent for any retract E of Rγ with γ  ω.
(a) E is a perfect (respectively closed) retract of Rγ .
(b) E × {0} is a perfect (respectively closed) retract of E ×Rγ .
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Proof. (a)⇒ (b). By Proposition 8.2, Rγ × {0} is a perfect retract of Rγ × Rγ . Our
implication now follows from Lemma 6.3 with F =Z =Rγ and z∗ = 0.
(b)⇒ (a). When γ = ω, this follows immediately from Theorem 1.6, (b)⇒ (a). For
arbitrary γ  ω, we proceed as follows.
By Theorem 1.7 (with X = Y = Rγ and h= idX), there exists a perfect map g :Rγ →
E × Rγ with g(x) = (x,0) for every x ∈ Rγ . By (b), there exists a perfect (respectively
closed) map f :E ×Rγ →E with f (x,0)= x for every x ∈E. Now f ◦ g :Rγ →E is a
perfect (respectively closed) retraction. ✷
In conclusion, we note that Proposition 7.10 remains valid, with similar proof, if R is
replaced by Rω and “locally compact” by “ ˇCech-complete”.
9. Examples
Example 9.1. R2 is a retract of R3, and R2 is a perfect image of R3 by [8, Corol-
lary 5.3(c)], but R2 is not a perfect retract (or even a closed retract) of R3 by Example 7.5.
In the following two examples, E is a Gδ-subset of R2 and also a J -space (see
Section 10). Example 9.2 shows that “one” cannot be changed to “two” in Theorem 1.2.
Example 9.2. A space X ⊂ R2, and an E ⊂ X homeomorphic to [0,1], such that X is
locally compact except at the two end-points of E but E is not a closed retract of X.
Proof. Let D ⊂ R2 be an open disc, let E ⊂ D\D be a closed arc, and let X = D ∪ E.
This X is a J -space by (10.3) (with Y =D and A= Y\X), so E is not a closed retract of
X by Corollary 3.2. ✷
Examples 9.3 and 9.5 below show that, in general, the paracompactness and local
compactness assumptions on X in Theorem 1.4(a) cannot be omitted or weakened to what
they are in Theorem 1.1(a) (where E is compact).
Example 9.3. A space X ⊂R2, a retract E ⊂X homeomorphic to R+, and an x0 ∈X\E,
such that X is locally compact at every x ∈ X\{x0}, and E × {0} is a perfect retract of
E ×R, but E is not a closed retract—or even a continuous closed image—of X.
Proof. Let D ⊂ R2 be an open disc, let F ⊂ D\D be homeomorphic to R+, and let
X=D ∪ F . Then X is locally compact except at the unique end-point x0 of F .
Let E be a closed subset of F such that x0 /∈ E and such that E is also homeomorphic
to R+. Then E × {0} is a perfect retract of E ×R by Example 7.1. However, E is not a
perfect image of X (because E is locally compact and X is not), so, since X is a J -space
by (10.3), E is not even a continuous closed image of X by (10.4). ✷
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The following lemma, whose proof was kindly suggested by V.V. Uspenskij, will be
used in the proofs of Examples 9.5 and 9.10 below.
Lemma 9.4. Every locally compact space Y is a closed subset of a connected, locally
compact space Z.
Proof. If Y is compact, take Z to be a Tychonoff cube containing Y . If Y is not compact,
embed its one-point compactification Y ∗ = Y ∪ {y∗} in a Tychonoff cube T , and let
Z = T \{y∗}. ✷
Example 9.5. A locally compact space X, and a retract E of X homeomorphic to R+,
such that E × {0} is a perfect retract of E × R but E is not a perfect retract—or even a
closed image—of X.
Proof. Let Y be a locally compact space which is not paracompact. By Lemma 9.4, we
can embed Y as a closed subset of a connected, locally compact space Z. Let X= Z×R+,
and let E = {z∗} ×R+ for some z∗ ∈ Z. Then E is homeomorphic to R+, so E × {0} is a
perfect retract of E×R by Example 7.1. However, E is not a perfect image of X (because
E is paracompact and X is not), so, since X is a J -space by (10.2), E is not even a closed
image of X by (10.4). ✷
Our next example shows that the J -space assumption on X cannot be omitted from
Corollary 3.2.
Example 9.6. A connected space X ⊂ R2, and an E ⊂ X homeomorphic to [0,1], such
that E is a closed retract of X even though X is not locally compact at two points of E.
Proof. In R2, let E = [−1,1]× {0}, let C = [−2,−1]× (0,1], let D = [1,2]× (0,1], and
let X =E ∪C ∪D. Clearly X is not locally compact at the points (−1,0) and (1,0).
Define f :X→ E by f (x)= x if x ∈ E, by f (x)= (−1,0) if x ∈ C, and by f (x) =
(1,0) if x ∈D. This f is clearly a closed retraction. ✷
Remark. By Corollary 3.2, the space X in Example 9.6 cannot be a J -space. It is easy to
see this directly: Let A= C ∪E and B =D ∪E. Then {A,B} is a closed cover of X with
A∩B =E compact, but neither A nor B is compact.
The following example shows that the metrizability assumption on X cannot be omitted
from Theorem 1.2.
Example 9.7. A σ -compact space X, an E ⊂X homeomorphic to [0,1], and an x0 ∈ E,
such that X is locally compact at every x ∈X\x0 but E is not a closed retract of X.
Proof. Let Y be the space of ordinals  ω1, and let y0 = ω1. Define subsets E and X of
Y ×[0,1] by E = {y0}× [0,1] and X = (Y × (0,1])∪E, and let x0 = (y0,0). Clearly X is
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locally compact at every x ∈X\{x0}, and it is σ -compact because Y × (0,1] is σ -compact
and E is compact.
Suppose now that f :X→ E is a retraction, and let us show that f cannot be closed.
For n= 1,2, . . . , let
En =
{
(y0, t) ∈E: 0 < t < 1
n
}
,
Wn =
{
(y0, t) ∈X\E: t < 1
n
}
∩ f−1(En).
Then En ⊂Wn, so Wn = ∅. Choose (yn, tn) ∈ Wn, and let A = {(yn, tn): n = 1,2, . . .}.
Then A is closed in X (because y0 /∈ C for any countable C ⊂ Y\{y0}), and f (A) is not
closed in E (because x0 ∈ (f (A))−\f (A)), so the map f :X→E is not closed. ✷
The following two results will be used in Examples 9.10 and 9.11.
Lemma 9.8. Let Y be an uncountable discrete space, and Y ∗ = Y ∪ {y∗} its one-point
compactification. Suppose that Y is a closed subset of a connected space Z, and that
z0 ∈Z. Then there is no closed map g :Y ∗ ×Z→ Y ∗ ×R with g(y, z0)= (y,0) for every
y ∈ Y ∗.
Proof. Suppose there were such a map g. Let D = {(y, y) ∈ Y ∗ × Z: y ∈ Y }. Then D is
closed in Y ∗ ×Z, so g(D) is closed in Y ∗ ×R.
Note that, if y ∈ Y , then g({y} ×Z) is a connected set in Y ∗ ×R containing g(y, z0] =
(y,0), so, since {y} is open and closed in Y ∗, we have g({y}×Z)⊂ {y}×R. In particular,
g(D) ∩ ({y∗} ×R)= ∅.
Since R is Lindelöf, there is a sequence (Un × Vn) of open subsets of Y ∗ ×R covering
{y∗} ×R such that y∗ ∈ Un and (Un × Vn) ∩ g(D)= ∅ for all n. Now Y ∗\Un is finite for
all n, and Y is uncountable, so there is a y0 ∈ Y ∩⋂n Un. Hence
g(y0, y0) ∈
({y0} ×R)⊂⋃
n
(Un × Vn),
so g(y0, y0) /∈ g(D). Since (y0, y0) ∈D, that is impossible. ✷
Lemma 9.9. Every metrizable space Y is a closed subset of a connected metrizable space
Z which is locally compact at some z0 ∈Z.
Proof. Choose a normed linear space M , and a proper, closed linear subspace L of M ,
such that Y ⊂ L with Y = L. Pick v ∈M\L and z0 ∈ L\Y , and let Z be the cone in M
with base Y ∪ {z0} and vertex v. This Z ⊃ Y and z0 ∈ Z satisfy our requirements. ✷
The following two examples show that the hypotheses on X in Proposition 1.3 cannot
be significantly weakened, even when E ⊂X is compact.
Example 9.10. A locally compact space X, and a retract E of X with E compact, such
that there exists no closed map g :X→E ×R with g(x)= (x,0) for every x ∈E.
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Proof. Let Y , Y ∗ and Z ⊃ Y be as in Lemma 9.8; by Lemma 9.4, we can choose Z to
be locally compact. Define X = Y ∗ × Z, pick any z0 ∈ Z, and define E = Y ∗ × {z0}. By
Lemma 9.8, this X and E ⊂X have the required properties. ✷
Example 9.11. A paracompact space X, and a retract E of X with E compact and X
locally compact at every x ∈ E, such that there is no closed map g :X→ E × R with
g(x)= (x,0) for every x ∈E.
Proof. Let Y , Y ∗ and Z ⊃ Y be as in Lemma 9.8; by Lemma 9.9, we can choose Z
to be metrizable and to be locally compact at some z0 ∈ Z. Define X = Y ∗ × Z and
E = Y ∗ × {z0}. By Lemma 9.8, this X and E ⊂X have the required properties. ✷
We conclude this section by quoting a very interesting example of Dydak, Segal and
Spiez [3] which shows that, in Proposition 7.2, (c) does not imply (b) even when E is an
AR.
Example 9.12 [3]. There exists a closed, non-compact E ⊂ R4 such that E and E∗ are
both ARs (where E∗ = E ∪ {x∗} is the one-point compactification of E) but E∗ is not
strictly contractible to x∗. Moreover, E∗ is a 3-dimensional polyhedron.
10. A brief look at J -spaces
According to [8, Definition 1.1], a space X is a J -space if, whenever {A,B} is a closed
cover of X with A ∩ B compact, then A or B is compact. The following properties of
J -spaces are relevant to this paper.
10.1. A topological linear space E is a J -space if and only if E = R. (See [8, (1.5) and
(1.6)].)
10.2. If X and Y are connected and non-compact, then X× Y is a J -space. (See [8, (1.9)
and (1.4)].)
10.3. Let Y be a compact manifold with boundary B , and let A ⊂ B . Then Y\A is a
J -space if and only if A is connected. (See [8, (1.8)].)
10.4. Every closed map f :X→ Y from a paracompact J -space X onto a non-compact
q-space 10 Y is perfect. (See [8, Corollary 4.2].)
10.5. If f :X→ Y is a closed map from a paracompact J -space X onto a q-space Y , then
f−1(y) is non-compact for at most one y ∈ Y . (See [8, Corollary 8.8 and Theorem 8.4,
(c)⇒ (d)].)
It remains to define and briefly discuss q-spaces, which appear in (10.4) and (10.5)
above. According to [7], a space Y is a q-space if every y ∈ Y has a sequence (Vn) of
10 q-spaces are defined after (10.5) below.
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neighborhoods in Y such that, if yn ∈ Vn for all n, then the sequence (yn) clusters in Y .
Clearly every first-countable space and every locally countably compact space is a q-space.
We also have the following result, which is applied in the proof of Lemma 6.4.
Lemma 10.6. If f :X→ Y is perfect, and if Y is a q-space, then so is X.
Proof. Suppose x ∈X. Since Y is a q-space, f (x) has neighborhods Vn in Y such that, if
yn ∈ Vn for all n, then (yn) clusters at some y ∈ Y . Let Un = f−1(Vn). Then x ∈ Un, and
if xn ∈Un for all n, then f (xn) ∈ Vn for all n, so (f (xn)) clusters in Y . Since f is perfect,
it follows that (xn) clusters at some x ∈X. ✷
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